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A general thermodynamic model of the concentration polariza-
tion phenomena of colloidal particles at a membrane surface is
presented. The model is based on the balance between a thermody-
namic force, due to the osmotic pressure gradient, and a frictional
force, due to the fluid flow around each particle. A cell model
description is used to model the concentration dependence of the
thermodynamic force as well as the flow properties in the concen-
trated colloidal solution. Equilibrium thermodynamics of the col-
loidal system can be used in the cell calculations since local equilib-
rium is assumed in the neighborhood of each colloidal particle
(i.e., in each cell). This means that the concentration dependence
of the osmotic pressure can be obtained, either from an experimen-
tal determination or from a theoretical model of the bulk properties
of the colloidal system. To exemplify the usefulness of the model
when establishing the influence of different operating parameters,
such as the transmembrane pressure, the fluid shear, or different
solution properties, such as concentration, particle size, pH, and
ionic strength, a model system of charged spherical colloidal parti-
cles is used. The interaction between the particles is in the pre-
sented examples assumed to be a combination of electrostatic inter-
actions, calculated from the Poisson—Boltzmann equation, disper-
sion forces, calculated as additive 1/r® interactions, and a hard
sphere interaction calculated from the Carnahan-Starling equa-
tion. © 1996 Academic Press, Inc.

Key Words: colloids; flow model; osmotic pressure; concentra-
tion polarization; ultrafiltration.

INTRODUCTION

Membrane separation processes are used in awide variety
of industrial applications, for separation of ions, macromole-
cules, and colloids (1-4). During the past years, the com-
mercial value of membrane processes has grown very fast,
mainly dueto increasingly stringent environmental demands
and the striving for the zero discharge manufacturing plant.
The most important advantages of membrane processes are
their unique separation capabilities and the low energy con-
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sumption. However, membrane separation processes are
very complex processes, influenced by several operating pa-
rameters, and it is thus difficult to predict the membrane
performance in different applications, athough more elabo-
rate theoretical models are constantly presented (5-12).
When predicting the capacity of amembrane plant it is essen-
tial that the flow resistance caused by retained solute mole-
cules accumulated at the membrane surface can be cal culated
accurately. However, when treating colloidal suspensions,
the traditionally used models, derived for separation of 1ow-
molecular solutes, cannot be used. In this case the thermody-
namic properties characterizing the specific colloidal system
must be considered.

In this paper acell model is used to calculate the concentra-
tion polarization at the membrane surface. Cal culations based
on cell models have been very successful in other systems,
both when describing the thermodynamic equilibrium proper-
ties, such as the osmotic pressure and other chemical poten-
tiasin colloidal systems(13—14), and when describing diffu-
sion or fluid flow through concentrated suspensions (15—16).
In this paper the cell model is used to cal culate the concentra-
tion profile of colloidal particles outside the membrane surface
by assuming that there is aways a local equilibrium in the
neighborhood of each colloidal particle (i.e., in each cdll).
Using the cdll model, the influence of operating parameters,
such as the fluid flow, the concentration of colloidal aggre-
gates, and the net charge of the aggregates, is calculated.
Before presenting the new concentration polarization model,
a short summary of how polarization phenomena are treated
traditionally is given below.

The concentration gradient in the boundary layer adjacent
to the membrane is usually described by the cake filtration,
or the osmotic pressure, model. In the cake filtration model
a cake with constant solute concentration, and in the osmotic
pressure model an exponential concentration of solute mole-
cules, is assumed at the membrane surface. The fundamental
aspects of these models have been discussed in avast number
of articles, for example, (17-24).

In the cake filtration model it is assumed that a layer of
concentrated solute, a cake, isformed on the membrane. The
flux, J, is then supposed to be reduced due to the additional
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flow resistance offered by the cake. The flux is expressed
as

AP

=— 1
’ n(Rn + R) ]
where AP is the pressure difference across the membrane,
n istheviscosity, and R,, and R, are the hydraulic resistances
of the membrane and the cake, respectively.

In Eq. [1] it is assumed that the cake is incompressible
and that the osmotic pressure at the surface of the cake
can be neglected. The osmotic pressure may, however, be
substantial, not only for low-molecular solutes, but also for
macromolecules and colloidal dispersions (20, 24—-25).

In the osmotic pressure model the osmotic pressure is
included in Eq. [1] and the flux is then described as

_ (AP - ATN)
nRm ’

J [2]

where AII is the transmembrane osmotic pressure differ-
ence. The van't Hoff law is usualy used to correlate the
transmembrane osmotic pressure and concentration differ-
ence. However, the van't Hoff law only applies for ideal
solutions, and empirical relations must therefore often be
used.

A second equation that relates the flux, J, and the solute
concentration at the membrane, C,,, can be obtained from
the film theory (26). In the film theory, the fluid flow in the
stagnant layer with thickness ¢ adjacent to the solid surface
is assumed to be laminar, wheresas the fluid flow outside of
this layer is turbulent with complete mixing of the solute.
The thickness of the staghant layer depends on the shear
forces and the rheological properties of the solution in a
complicated manner and is usually integrated in the mass
transfer coefficient which is obtained from experiments. At
steady state the convective solute transport in the stagnant
layer is equal to the permeate flow and the diffusive back
transport of solute into the bulk solution.

dcC

JC-C)=-D—,
(C-C)=-D

(3]

where C is the solute concentration, C, is the concentration
in the permeate, D is the diffusion coefficient, and x is the
distance from the membrane surface. Usually the diffusion
coefficient is assumed to be independent of concentration
and when Eq. [3] is integrated the following well-known
correlation is obtained:

\]:EmMJ =hDInM’ . [4]
o C -G, C -G,
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where 6 is the thickness of the boundary layer, h, = D/6 is
the mass transfer coefficient, and C,,, and C, are the concen-
trations at the membrane surface on the feed side and in the
bulk solution, respectively. The solute concentration at the
membrane can be calculated from a combination of Egs. [ 2]
and [4] if the correlation between osmotic pressure and
concentration is known.

A serious shortcoming of Eqg. [3] is that the diffusive
flow is written as (— D - dC/dx). This representation of the
diffusive flow can be used only for solutions with noninter-
acting solutes (i.e., ideal solutions). In colloida dispersions,
with long-range interactions between the colloidal particles
in the dispersion, the diffusive flow is proportional to
(—D-C/KT-du/dx), where k is the Boltzmann constant, T,
the absolute temperature, and du/dx, the derivative of the
chemical potential of the particles. The fluid flow equations
obtained from the cake filtration model and the osmotic pres-
sure model do not include the concentration dependence
of the diffusion coefficient, nor the nonideal concentration
dependence of u that is typical of a colloidal solution.

The cake filtration and the osmotic pressure models repre-
sent two extreme cases of how the concentration profile in
the boundary layer adjacent to the membrane surface is built
up during a membrane process. The osmotic pressure model
applies fairly well when treating solutions containing small,
noninteracting solutes, whereas when treating solutions con-
taining macromolecules, or colloidal particles, the cake fil-
tration model gives a better description of the concentration
profile. However, for solutions containing solutes of interme-
diate size, as for example colloidal particles smaller than 0.1
pm, neither of these models describe the concentration pro-
file accurately. These particles are too small to be described
by the cake filtration model and the interactions between the
particles, even at great distances, make the osmotic pressure
model inappropriate.

Different models which describe membrane treatment of
colloidal solutions have been proposed. Dejmek (27) was
the first to discuss the force balance in a concentration polar-
ization layer. Wijmans et al. (22) also used the force balance
concept when they showed that the resistance of the bound-
ary layer could be calculated from the solvent permeability
of the colloidal solute. However, an exponential concentra-
tion profile is assumed in this work, an approximation origi-
nating from the assumption that the mass transfer due to
diffusion only depends on the concentration gradient and not
on the gradient of the chemical potential. Recently, Petsev et
al. (7) presented a theoretical model of the ultrafiltration of
concentrated dispersions of charged colloidal particles. In
their model, the particles in the boundary layer are placed
in alattice and the force balance on each particlein thelattice
is calculated. The equations describing the force between the
particles are obtained from pair DLV O interparticle interac-
tions and cell model hydrodynamics. A similar model is
presented by Welsch et al. (11).



506

Membrane

0 00 (&)

0o °

Ju,0 -—

Well-mixed
bulk solution

Laminar sublayer

FIG. 1.
membrane.

Concentration polarization at the surface of an ultrafiltration

A novel dynamic model of ‘‘dead-end’’ ultrafiltration is
presented by Bowen and Jenner (12). In this model the
pressure within afilter cake is analyzed in terms of the local
compressive drag and hydraulic forces on the particles in a
layer. Models for particle—particle interactions are in the
Bowen and Jenner model used to determine the compress-
ibility properties of the cake.

The objective of the present study was to derive a fluid
flow model which describes the concentration gradient, es-
tablished during ultrafiltration, from experimentally easily
obtainable system characteristic parameters, such as the con-
centration dependence of the osmotic pressure and diffusion/
sedimentation coefficients. The model presented is based on
a basic thermodynamic description of a colloidal system
and can be used to describe concentration gradients during
ultrafiltration of any type of colloidal dispersion, aslong as
the concentration dependence of the osmotic pressure and the
diffusion/sedimentation coefficients are known. A similar
model for hard sphere systems is presented in (28) . Experi-
ments have been performed on silica sols under different
experimental conditions (29) and it is the properties of these
solutions that have been used to illustrate the model in this
work.

A theoretical discussion of the influence of different parti-
cle—particle interactions, such asthe attractive van der Waals
forces and the repulsive electrostatic forces, on the coagula-
tion stability of colloidal dispersions during membrane fil-
tration is also included.

THE THEORETICAL MODEL

It is assumed that the diffusion and flow properties on the
feed side of the membrane may be described by afilm model,
i.e., there is a thin laminar boundary layer adjacent to the
membrane, and outside this sublayer the solution is well
mixed with a constant solute concentration, as shown in
Fig. 1. Material is transported by convection toward the
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membrane and away from the membrane by diffusion. This
is probably an acceptable description of the system when
treating colloidal dispersions with particles smaller than 0.1
pm. For solutions with larger particles, additional effects
such as shear-induced diffusion and inertial lift start to be
important (6, 30—33). However, these phenomena are be-
yond the scope of this paper.

A concentration profile is established in the laminar
sublayer due to the transport of solute particles toward the
membrane. At steady state the concentration profile has a
shape such that the drag force exerted by the fluid flow
around the particles in each layer outside the membrane is
balanced by the thermodynamic force due to the concentra-
tion gradient over the layer, as shown in Fig. 2.

Concentrating on a single particle, the force balance gives

Fi = Fu, [5]
where F;; is the mean frictiona force and F;; is the mean
thermodynamic force on the particle.

Both the drag force and the thermodynamic force can
usualy be studied experimentaly, independently of each
other, and the influence of flow rate, particle concentration,
electrolyte concentration, etc., can thus be determined for
the two forces.

The Drag Force

In dilute solutions, there is often a linear correlation be-
tween the drag force exerted by the fluid in motion around
a particle and the fluid velocity relative to the particles, v.

Fff = fo v [ 6]

The frictional coefficient, f,, depends on the shape and
size of the particle, as well as the viscous properties of the
surrounding media. At high velocities the linear correlation

between F;; and v may collapse for different reasons, such
asinduced turbulence, deformation of the particle, and redis-

-
Fluid flow

-

Forces exerted on a particle. F; denotes the drag force exerted
by the fluid flow around the particle and F is the thermodynamic force
due to the concentration gradient.

FIG. 2.
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tribution of ions outside the particle. However, these effects
are neglected in this model.

The frictional coefficient can be estimated either by mea-
surement of the self diffusion coefficient or by measurement
of the sedimentation constant. When the diffusion coefficient
is measured, the Stokes—Einstein relation can be used to
obtain a correlation between the diffusion coefficient of the
particle, D, and the frictional coefficient, f, (34)

(7]

where k is the Boltzmann constant and T is the absolute
temperature. The corresponding relation between the sedi-
mentation constant, S, and the frictional coefficient, f,, is
(34)

bM
S- NA

fo = ) [8]

where bM is the difference in mass between the particle and
the displaced solvent and N, is Avogadro’s number.

If there are no experimental self-diffusion or sedimenta-
tion data available, Stokes' relation can be used to estimate
the frictional coefficient. For spherical particles in a dilute
solution, the frictional coefficient becomes

fo = 677770I’, [9]
where r is the radius of the particle and 7, is the viscosity
of the solvent.

In concentrated dispersions, where the fluid flow around
each particle is affected by other particles in the neighbor-
hood, the frictional coefficient is strongly influenced by the
concentration and also the correlation between the motion
of the particles. It is aso important to point out that the
definition of the frictional coefficient, given in Eq. [6], is
not suitable for use when dealing with concentrated solu-
tions, since the velocity of the fluid relative to the particles
is not constant, but varies as a function of the distance to
the particles, and no well-defined velocity can be found. In
concentrated dispersions at the surface of a membrane it is
more convenient to define the frictional coefficient as the
relation between the drag force and the average velocity of
the surrounding fluid relative to the particle:

Fr :f‘J'(l_({bp/d’) [10]
where ¢, is the volume fraction of particles in the permeate
and ¢ is the volume fraction of particles at the distance x
from the membrane surface.

Both the self-diffusion coefficient and the sedimentation
constant can be used to estimate the frictional coefficient in
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dilute solutions, as mentioned above. However, in concen-
trated systems, the frictional coefficient may vary depending
on whether it is estimated from self-diffusion or sedimenta-
tion data. The reason for this is that the velocity profile
around a particle in a self-diffusion experiment and in a
sedimentation experiment is different.

1. During self-diffusion, the long-term movement of the
particles is physically uncorrelated, which means that the
fluid flow around a particle can be described as the flow
of a homogeneous fluid with an effective viscosity. If the
rheological properties of the dispersion are known, the in-
fluence of concentration can, as a good approximation, be
related to the viscosity of the dispersion, n, by

fIn = folno, [17]
where 7, is the viscosity in a dilute solution (35-36).

If no experimental data on the concentration dependence
of the viscosity are available, a theoretical estimate can be
used. For spherical particles, with no other interactions with
the solvent than at the hard spherical surface, the Einstein

equation can be used to describe the influence of concentra-
tion on viscosity, and, thus, on thefrictional coefficient (37).

1+ 0.5¢
f= r————. 12
670 (1- (1.‘))2 [12]
2. During sedimentation, the movement of the particles
isphysicaly correlated in the collective transport of particles
through the medium. This is also the case when fluid flows
through a lattice of stagnant particles, as in the boundary
layer at the surface of amembrane. The frictional coefficient
is, in this case, not related to the viscosity of the solution,
asin Egs. [11] and [12]. If no experimental sedimentation
data are available, theoretical models must be used to esti-
mate f. Happel (15) has shown, by the use of cell model
calculations, that in this case the frictiona coefficient can
be expressed as

6 + 4¢1.67
6 — 9¢O.33 + 9¢1.67 _ 6¢2 )

f = 6angr - [13]

3. For stable, very concentrated dispersions, the frictional
coefficient may be estimated through permeability measure-
ments. By determining the pressure drop, AP, per unit
length, AL, across alayer of colloidal particles asafunction
of the flux, J, through the layer, the frictional coefficient
can be calculated from the relation

_ AP Ve

AL ¢J [14]
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where V4 is the volume of a particle and ¢ is the volume
fraction of particles in the layer. A drawback with this
method of determining the frictional coefficient is the need
for very small fluid flows in order to minimize concentration
gradients across the layer induced by the fluid flow through
the layer.

In solutions containing charged particles, there are always
counterions in the solution around each particle. In these
cases, there may also be electroviscous forces that affect the
frictional coefficient due to the fact that the fluid surrounding
acharged particle is forced to flow through the double layer
that surrounds the particle, which gives rise to a frictional
force. Itisvery difficult to describe exactly the concentration
dependence of this frictional term and we therefore refer
the reader to (38) for a more detailed description of this
phenomenon. The influence of the electroviscous effect on
the frictional coefficient is, fortunately, not so dramatic. The
influence of the electroviscous effect can usually be consid-
ered by assuming aslightly larger diameter, r, of the particles
in the dispersion.

In order to obtain an easy-to-use expression for the con-
centration dependence of the frictional coefficient indepen-
dent of whether experimental, or theoretical models are used,
a series expansion in powers of the volume fraction, ¢, is
used.

6mner .
H(d) = e f,
(¢) 1- ) ZO ¢

[15]
where the coefficients f; can be determined either experi-
mentally or by atheoretical correlation of the type given
in Eqg. [13].

The Thermodynamic Force

The thermodynamic force on a particle is defined as the
negative gradient of the chemical potential of the particles,
Hagg (34) . Outside a membrane surface where the concentra-
tion of particles is constant along the surface, but varies
perpendicular to the surface, the thermodynamic force can

be expressed as
du
F.= — X2 ,
) < dx >

where X is the distance from the membrane surface.

In order to be able to use the above expression when
deriving the concentration gradient at a membrane it is nec-
essary to know how the chemical potential of the particles
is affected by the concentration in the solution. Thisinforma-
tion ismost easily obtained by determining the osmotic pres-
sure in the bulk solution at different concentrations. The

[16]
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following eguations can then be used to determine how fiqgq
varies as a function of concentration.

(a) The relation between duqe and duy,, Where p,, is the
chemical potential of the solvent, is obtained from the
Gibbs—Duhem relation

NaggQitagg + Nwdpuw = 0, [17]

where Ny, and N,, are the number of particles and solvent
molecules, respectively.

(b) Changesin the chemical potential of the solvent can
aso be expressed as a change in the osmotic pressure of
the solution, IT. The following relation exists between these
parameters:

d,uw = _VWdHY [18]

where V,, is the volume of a solvent molecule. Combining
Egs. [16] —[18] gives

_ NV it (1= @) diT

F =
! Nygg X W dx

[19]

(c) The osmotic pressure gradient outside a membrane,
dIT/dx in Eq. [19], is aresult of the concentration gradient
of colloidal particles in this region. To be able to estimate
dIT/dx the relation between osmotic pressure and concentra-
tion of colloidal particles must be known. This relation is
often rather involved, depending on different particle—parti-
cle and particle—solvent interactions. However, the osmotic
pressure of the solution can always be represented as a series
expansion in powers of the particle concentration.

> Agh). [20]

IT= KT (¢ +
Vagg i=2

In the van't Hoff law, often used to calculate the osmotic
pressure in dilute solutions, all terms except the first one in
the series expansion of Eq. [20] are neglected. The other
contributions to the osmotic pressure may originate from,
for example, steric, electrostatic, and/or van der Waalsinter-
actions between the particles. The constants A, in Eq. [20]
can be either determined experimentally, for example,
through osmometer measurements (25, 39—-41), or deter-
mined from theoretical models (42). This problem is treated
in more detail later, for the moment, we conclude that the
osmotic pressure can be represented by a series expansion,
asin Eg. [20]. Combining Egs. [19] and [ 20] results in the
following relation between the thermodynamic force and the
concentration gradient:
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F¢ = —kT( ) ) (1+ z Aigp'~ 1) [21]

The Concentration Profile Equation

Combining the expressions for the drag force, Egs. [10]
and [15], and the expression for the thermodynamic force,
Eqg. [21], with the force balance, Eq. [5], an equation for
the concentration profile can be written as

J-67mnor - i fip'
R )

1 i—1
@ gy LT 2 AT

[22]

This first-order differential equation is easily solved nu-
merically when the values of the coefficients f; and A are
known. For an ideal, dilute solution where the frictional
coefficient f can be written as f = kT/D, and al the A
values in the concentration dependence of the osmotic pres-
sure are zero, the above expression is reduced to the well-
known relation

J__(A-¢) dp _ 1
Do (¢ — ¢p) dx (C-C,) dx

This equation states that the concentration decreases expo-
nentially at the membrane surface with a decay length
Do/J, as in Eq. [4]. However, Eq. [23] is valid only for
ideal, dilute solutions; for a colloidal dispersion Eq. [22]
must be used.

To be able to calculate the concentration profile at differ-
ent flow velocities, electrolyte concentrations, etc., ¢,, and
the coefficients f; and A; in Eqg. [22] must be determined.
The best description of the concentration profile outside a
membrane surface is, of course, obtained if experimenta
values of these variables are available. However, a theoreti-
cal modéd is useful to explain and illustrate the influence of
different solution-specific parameters on the osmotic pres-
sure. In the examples presented in this study, ¢, is assumed
to be zero, Eq. [13] is used to calculate the coefficients f; ,
and a model description of the concentration dependence of
the osmotic pressure is used to determine the values of A
in Eq. [21].

The Osmotic Pressure in a Colloidal Solution

To be able to describe the influence of the particle concen-
tration on the osmotic pressurein adispersion, it is necessary
to determine both the interaction between the particles and
the distribution of particles in the solution. Today, there are
no exact theoretical models relating these solution-specific
parameters, but different approximate methods are available.
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1. One commonly used method is to first determine the
effective interaction between two single particles as a func-
tion of the distance between them and thereafter assume that
the obtained relation is not affected by other particlesin the
solution (42—-43). This is often a good approximation for
dilute systems, independent of which types of interactions
affect the particles. However, for concentrated systems, the
interactions between two particles are often affected by other
particlesin the solution. Thisis especially pronounced when
considering dispersions with ionic particles where the long-
range electrostatic force is often the dominating particle—
particle interaction.

2. A cell model is another way of thermodynamically
describing a concentrated dispersion (44). In the cell model
it is assumed that al particles in the solution are placed in
a regular lattice so that the system can be divided into a
number of uniform cells, each containing a particle with
surrounding solvent. To simplify the calculations, the cell is
usually approximated by a simple geometrical form such as
asphere, a spheroidal, or acylinder (13). With the introduc-
tion of a smple geometrical cell shape, the calculation of
the thermodynamic properties, such as the osmotic pressure
and the chemical potential, is easily performed with standard
numerical programs. The entropy due to the particle distribu-
tion is not included in the basic form of the cell model since
the particles in the model are set out in a lattice. For large
particles, this contribution can be neglected, but for small
particles the entropy is of importance.

An estimation of this entropy contribution to the osmotic
pressure of the colloidal system can, however, be obtained
from the cell model calculations if the interactions between
the particles are approximated by a concentration-dependent
hard-sphere interaction (45). The reason for approximating
the interaction with a hard-sphere interaction when estimat-
ing the particle entropy is that the so-called Carnahan—Star-
ling equation (46) can be used to obtain a quite accurate
relation for the concentration dependence of the osmatic
pressure over a large concentration interval.

_ kT P
. )

where ¢ is the volume fraction of the hard spheres. For
systems with no long-range interactions between the parti-
cles, ¢ns can be replaced by the real volume fraction, ¢, and
for these systems Eq. [24] can be used to determine the
osmotic pressure due to the colloidal particles for concentra-
tions less than ¢ =~ 0.5. However, it must be pointed out
that Eq. [24] aso fails to predict the osmotic pressure in
this concentration range if short-range interactions cause the
particles to stick to each other in a porous structure. The
properties of such systems are discussed in (47) but are,
due to their complexity, omitted in this work. Instead we

¢hs + (bﬁs + ¢ﬁs B
(1 - d’hS)s
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have, as an approximation, assumed that Eq. [ 24] gives the
entropic part of the osmotic pressure if the concentration of
particles is less than the close-packing concentration (for a
hexagonally close-packed dispersion ¢, = 7118 ~ 0.74).
We have further assumed the particles to be incompressible
which means that the osmotic pressure is assumed to be
infinite for concentrations above ¢, .

My =, when ({bhs > d)cp- [25]

If the concentration dependence in Eq. [24] is approxi-
mated by the linear term, the familiar van't Hoff equation
is obtained. However, very few colloidal dispersions can be
described as a collection of hard spheres with no long-range
interactions between the particles. For most systems, there
is at least some type of long-range interaction and the cell
model may here be used to calculate the mean particle inter-
action as well as the interaction-dependent volume of the
particles that is used to estimate the entropy of the particles.
In this work, the effective volume of a particle is defined as
the cell volume where the free energy of the system has
increased by 1 KT per particle compared with the original
cell system.

The cell model is used in all examples presented in this
paper since calculations based on this model have aso
proved to give agood description of thermodynamic quanti-
ties in concentrated systems, and the calculations are today
easy to perform with standard programs.

Different interactions dominate different systems, but we
will focus on two types of interactions that are important in
many types of systems: the van der Waals interaction and
the electrostatic interaction. The contribution to the osmotic
pressure from the van der Waals interaction is obtained by
differentiating the expression for the van der Waals free
energy of a cell with respect to the number of solvent mole-
culesin the cell. After some mathematical manipulation (see
Appendix A) the following simple expression for the van
der Waals contribution to the osmotic pressure is obtained:

l_[vanderWaaIs
¢° >

/ / ’
i.p3¢2 3)2

where z, is the number of neighboring particles in the cell
lattice and A4 symbolizes the effective Hamaker constant
in the system. In the examples presented in this paper, we
have assumed that the particles are placed in a hexagonal
lattice, which means that z, is twelve in this case.

If the colloidal particles are charged, the electrostatic con-
tribution to the osmotic pressure often dominates and must,
of course, be included in the calculations. In the cell model,
this contribution to the osmotic pressure can be written as
afunction of the total ion concentration at the cell boundary:

KT 2z, Aut
: : 26
<(¢cp - [ ]

Vg 36KT
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My =NakKT Y G(R), [27]

i=all ions

where C; (R) is the concentration of ion i at the cell bound-
ary. The boundary concentration C; (R) can be calculated
from the Boltzmann distribution law,

Ci (R) = Ci(bulk) -exp(—ezV(R)/KT), [28]
where C; (bulk) isthe concentration of ioni in asalt solution
in equilibrium with the colloidal system, ez is the charge
of ion i and ¥(R) is the electrostatic potential at the cell
boundary compared with a bulk salt solution without colloi-
dal particles. The cell boundary potential ¥(R) can be calcu-
lated using the Poisson—Boltzmann equation, as in, for ex-
ample, (48).

Hence, the three contributions to the osmotic pressure

in a colloidal dispersion that are used in the subsequent
calculations are

AlIl = 1_[vanderWaaIs, + Hel + l_[hs- [29]

In this way, an expression is obtained which gives a good
qualitative description of the osmotic pressure in many types
of colloidal systems. However, we must point out that ATT
in Eq. [29] only represents the osmotic pressure due to the
colloidal particles and does not include the total osmotic
pressure of the solution. The osmotic pressure of, for exam-
ple, a st in the solution, is not included in Eq. [29] since
low-molecular solutes, e.g., salts, are assumed to freely per-
meate an ultrafiltration or microfiltration membrane. The
resulting osmotic pressure of the low-molecular solute is,
therefore, in this case, constant in the boundary layer and
across the membrane. In the examples presented in this pa-
per, it is further assumed that the silica particles are totally
retained, which is an appropriate assumption when treating
silica sols using relatively dense ultrafiltration membranes.
In systems where particles are not totally retained, and |ow-
molecular solutes not totally permeable, this can be ac-
counted for by including the permselectivity of the mem-
brane in the calculations.

The magnitude of the different contributions to the os-
motic pressure depends on parameters such as the molecular
weight (i.e, the size) of the solute, the force of attraction
(represented by the Hamaker constant) and the surface po-
tential of the solute/particle. For a dispersion with charged
particles, the electrostatic interaction is often the dominating
contribution to the osmotic pressure, as shown in Fig. 3.

The osmoatic pressure of the particles in a solution is the
same, irrespective of the electrolyte concentration in the dis-
persion, when the osmotic pressure is calculated by the van't
Hoff equation. In redlity, the electrostatic interaction be-
tween the charged particles decreases as the el ectrolyte con-
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FIG. 3. Theinfluence of particle concentration on the osmotic pressure
inasilicasol. Iy, Iy, and I ge waas denote the osmotic pressure due to
repulsive electrostatic forces, the particle entropy, and attractive van der
Waals forces, respectively. The surface charge of the particles is —40 mV
and the radius is 6 nm. The concentration of NaCl in the silica sol is in
equilibrium with a 0.1 M bulk solution of NaCl.

centration increases, resulting in a decreased osmotic pres-
sure, as illustrated in Fig. 4.

As shown in Fig. 4, the osmotic pressure due to the silica
particles decreases as the salt concentration increases. How-
ever, the total osmotic pressure of the dispersion (including
the osmotic pressure of the salt) increases, of course, when
the salt concentration increases, but, as pointed out earlier,
the salt ions are assumed to pass freely through ultrafiltration
and microfiltration membranes. Since the transmembrane os-
motic pressure gradient due to the salt is zero, it is only the
osmotic pressure gradient of the particles that affects the
flux.
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FIG. 4. The osmotic pressure due to the silica particles in a dispersion
containing 0.01 M NaCl (surface potential = —70 mV), 0.1 M NaCl (—40
mV), and 1 M NaCl (-20 mV), where T = 298 K, r = 6 nm, and Ay =
1x107J
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FIG. 5. The osmotic pressure versus volume fraction of a silica sol at
high salt concentration. The silica particles precipitate instantly beyond a
concentration corresponding to the volume fraction ¢pe.

The Osmotic Pressure in an Unstable Colloidal

Dispersion

The thermodynamic stability of the dispersion was not
considered when the influence of different parameters on the
osmotic pressure, such as particle concentration, electrolyte
concentration, and surface potential, were discussed above.
However, a dispersion is often thermodynamically unstable
at high salt concentrations, or high dispersion concentrations,
and precipitates after a while. There are two critical disper-
sion concentrations, here denoted ¢, and ¢, Wwhich must
be considered when discussing the precipitation properties
of a colloidal system. The dispersion is thermodynamically
stable against precipitation at dispersion concentrations be-
low ¢, even though flocculation may occur in this concen-
tration region. At dispersion concentrations above ¢, the
particles precipitate momentarily, as there is no thermody-
namic force to counteract the coagulation of the particles.
The dispersion is thermodynamically unstable in the concen-
tration region between ¢,s and ¢n.. The precipitation time
in this concentration region depends on the energy barrier
at ¢pe. During ultrefiltration, hysteresis effects occur if the
dispersion concentration reaches ¢, (29). The behavior of
an unstable colloidal dispersion is shown in Fig. 5.

NUMERICAL SOLUTION

To be able to calculate the concentration profile of colloi-
dal particles at the membrane surface, the following parame-
ters must be known:

1. the viscosity of the permeate;

2. the pure water permeability of the membrane, PWP =
Jo/ APy,

3. the volume fraction dependence of the frictional coef-
ficient, f, used in Eqg. [15]; and
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4. the volume fraction dependence of the osmotic pres-
sure, AT, used in Eq. [21].

In the examples presented in this paper, the frictional
coefficients, f, were calculated using Eqg. [13]. When calcu-
lating the osmotic pressure coefficients, A, the electrostatic
contribution to the osmotic pressure was obtained using a
computer program that solves the Poisson—Boltzmann equa-
tion for different geometries (49).

For given values of the flux, J, the operating transmem-
brane pressure, AP, and concentration of particles in the
bulk solution, ¢, the concentration profile is calculated in
the following manner.

1. The osmotic transmembrane pressure differenceis cal-
culated from Eq. [2].
AIl = AP — J/IPWP = AP — J- APy/J,.  [30]
2. If the osmoatic transmembrane pressure difference, cal-
culated from the relation above, exceeds the osmotic pres-
sure beyond which the colloidal particles precipitate, A,
a filter cake of precipitated particles will be built up at the
membrane surface. The above relation must then be modified
as follows:
2.1 The total osmotic pressure difference, across both
the membrane and the filter cake, is AIl,, and
2.2 The thickness of the filter cake is calculated from
Eq. [14]

APcae* Vagg
f(beake) * Peace I
APee = AP — All o — J/IPWP

Alcye = ,  where

[31]

and ¢4 IS the volume fraction of particles in the
cake.

3. The volume fraction of colloidal particles at the mem-
brane surface (or the cake, if thereisone) is calculated from
the osmotic pressure difference across the membrane (and
the cake) using Eq. [20]. This caculation is most easily
performed using the Newton—Raphson method (50).

4. The concentration interval, ¢memprane —> Poux 1S divided
into an appropriate number of equa intervals (100 in this
paper) and the length of each interval is calculated from Eq.
[22] to be

baj = (ABI2) gy
dep
baj+(AP/2)

KT . (1- ¢aj)3'(1 + 2o Aiizj)i{l)

= 677770I’J Eizo f,qS'a,
by — dp + (A¢/2))
| , [32
8 ”(qﬁaj ~ o (2ei2)) [
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where ¢,; isthe volume fraction in the middle of the concen-
tration interval j.

5. The concentration profile and the thickness of the
boundary layer can now be determined based on the division
of the boundary layer performed in point 4 above.

6. In the calculations, points 1-5 above, the flux was
assumed to be known. If instead, the flux is to be calculated
the thickness of the boundary layer must be known. The
thickness of the boundary layer may, as an approximation,
be assumed to only be influenced by the shear rate, and not
the concentration or the applied transmembrane pressure.
This means that only one experiment is heeded to obtain the
boundary layer thickness at a specific experimental shear
rate. The calculated thickness can then be used in the theoret-
ical model when studying the influence of different operating
parameters, provided that the shear rate and the module are
the same as in the experiment, of course.

The flux is calculated by the following procedure: A flux
value is assigned and the calculations in points 1-5 are
performed. If the calculated thickness of the boundary layer
agrees with the given thickness, then the calculated flux
value is correct. If the values of the thickness do not agree,
a new flux is assumed and the calculations are repeated. If
a regula falsi procedure is used when choosing a new flux
value, the correct flux is soon found (50).

An easy-to-use computer program based on the above
principles can be downloaded from the web site address
http: //www.membfound.lth.se/chemengl.html at Internet.

RESULTS

The model presented in this paper has two main advan-
tages. First, this model combines the ability of the osmotic
pressure model to predict the performance of solutions con-
taining low-molecular, noninteracting solutes and the cake
filtration model which is commonly used when solutions
with larger, interacting solutes are considered. Second, the
concentration profile calculated by the new force balance
model gives a more redlistic view of the concentration in
the boundary layer at the membrane than the other two mod-
els. The concentration gradient at the membrane, calculated
by the three models, is shown in Fig. 6.

The influence of some operating parameters on the flux
and the concentration profile will now be demonstrated.

Influence of Operating Pressure

The flux in a membrane process increases amost linearly
with increasing transmembrane pressure at low operating pres-
sures. The flux increase then levels of f asthe operating pressure
increases, as shown in the inset in Fig. 7. The leveling off of
the flux isdueto an increased hydraulic resistance in the bound-
ay layer a high pressures (see Fig. 7).

For the operating conditions used in the example shown
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FIG. 6. Concentration profile of a0.1 M NaCl silica sol calculated with
the new force balance model, the osmotic pressure model, and the cake
filtration model. The calculations were based on the following operating
parameters;. PWP = 2000 | m2 h™* MPa ' at 25°C, AP = 100 kPa, T =
25°C, ¢, = 0.01 (i.e, C, = 25 wt%), and r = 6 nm.

in Fig. 7, the critical precipitation concentration, ¢, (often
referred to as the gel concentration), is reached at the mem-
brane surface when the operating pressure is 700 kPa. At
pressures above 700 kPa the thickness of the gel layer in-
creases, but the concentration profile outside this layer is
unchanged.

Influence of Concentration

The flux is reduced as the concentration in the bulk solu-
tion increases. This flux reduction is caused by an increased
hydraulic resistance in the boundary layer, just as when the
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FIG. 7. The influence of the operating transmembrane pressure on the

concentration profile for a0.1 M NaCl silica sol. The bulk solution volume
fraction is 0.001 which corresponds to 0.25 wt%. The calculations are based
on the following operating parameters: PWP = 2000 | m™2 h™* MPa™* at
25°C, T = 25°C, r = 6 nm, and a fluid shear in the module corresponding
to a boundary layer thickness of 5 um.
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FIG. 8. Theinfluence of the bulk particle concentration on the concen-
tration profilefor a0.1 M NaCl silicasol. The bulk solution volume fractions
0.001, 0.01, and 0.04 correspond to 0.25, 2.5 and 10 wt%, respectively.
The calculations are based on the following operating parameters: PWP =
20001 m™2h™* MPa™t at 25°C, AP = 100 kPa, T = 25°C, r = 6 nm, and
a fluid shear in the module corresponding to a boundary layer thickness of
5 um.

pressure is increased. However, there is an important differ-
ence between how an increase in the pressure and an increase
in the bulk concentration affects the concentration profile.
Increasing the pressure results in a substantial increase in
the volume fraction (i.e., densification) of the materia at
the membrane surface, whereas when the bulk concentration
increases only a minor increase in the volume fraction in the
immediate vicinity of the membraneis observed, as shownin
Fig. 8.

Influence of Particle Sze

Theflux isreduced asthe particle size increases. However,
this flux reduction is observed only for particles of alimited
size. When the particles become larger, additional effects,
such as shear-induced diffusion and inertial lift, start to be-
come important. For silica particles, Fane (51) found a flux
minimum at 0.1 um and Lahoussine-Turcaud et al. (52)
found a minimum at 0.2 ym. The maximum particle radius
in Fig. 9 is definitely below these threshold particle sizes
where the shear-induced diffusivity starts to become im-
portant.

The concentration at the membrane surface increases as
the particle size increases, and when treating large particles
a cake is built up at the membrane surface. Although the
concentration at the membrane surface is much higher when
treating a solution with 20-nm silica particles than 10-nm
particles, the flux is not so drastically reduced as could be
expected. This is due to the fact that the flow channels in
the boundary layer of accumulated material at the membrane
surface are larger when the particle size increases and the
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FIG. 9. The influence of varying particle size on the concentration
profile during ultrafiltration of a 0.1 M NaCl silica sol. The bulk solution
volume fraction is 0.001 which corresponds to 0.25 wt%. The calculations
are based on the following operating parameters: PWP = 2000 | m2 h*
MPa at 25°C, AP = 100 kPa, T = 25°C, and a fluid shear in the module
corresponding to a boundary layer thickness of 5 um.

specific hydraulic resistance of the boundary layer is conse-
guently reduced.

In this example, the silica sol was assumed to be monodis-
perse. When treating a mixture of particles of different sizes,
calculation of the concentration profile becomes more com-
plicated. The overall packing density in the concentrated
layer increases as a consequence of the variation in particle
size, and therefore the resistance to permeation is enhanced.
The extent of this effect depends on the particle diameter
ratio and the type of packing. The effect of nonuniformity
of cell size and random orientation of nonsymmetrical ob-
jects has been treated by Jonsson (53). Another particle size
problem arises when the surface potential of the particlesis
low, and particles flocculate, as the aggregate size then be-
comes indeterminate (54).

Influence of Electrolyte Concentration

The electrogtatic repulsion between molecules/particlesin a
solution depends both on the nature of the molecules/ particles
and on operational parameters such as pH and ionic strength
of the solution. Flux is reduced as the eectrostatic repulsion
diminishes, as shown in Fig. 10, where the electrostatic repul-
sion is varied by dtering the ionic strength (i.e., the electrolyte
concentration) in a slica sol. The flux decrease experienced
when the electrostatic repulsion decreases is due to the increase
in the flow resistance when the materia in the boundary layer
becomes more closdly packed as aresult of decreased repulsion
between the particles.

At a low dectrolyte concentration where the electrostatic
repulsion is large, the concentration gradient is dmost linear
(see Fig. 10) and the concentration at the surface of the mem-
brane is relatively low. The concentration at the membrane
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FIG. 10. Influence of varying electrolyte concentration on the concen-

tration profile during ultrafiltration of a silicasol. The bulk solution volume
fraction is 0.001 which corresponds to 0.25 wt%. The calculations are based
on the following operating parameters: PWP = 2000 | m™2 h™* MPa™* at
25°C, AP = 100 kPa, T = 25°C, r = 6 nm, and a fluid shear in the module
corresponding to a boundary layer thickness of 5 um.

surface increases as the eectrogtatic repulsion decreases. At
higher electrolyte concentrations, a cake is formed at the mem-
brane surface, and the flux then reaches a plateau value.

Influence of Fluid Shear

The operational parameter that has the largest impact on
the boundary layer thickness is the fluid shear in the mem-
brane module. The most common way of enhancing the fluid
shear is by increasing the cross-flow velocity. However, high
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FIG. 11. The influence of rotary speed on flux during ultrafiltration of

a silica sol. Experimental results from (29). The bulk solution volume
fraction was 0.0016 which corresponds to 0.4 wt%. The relative flux is the
flux divided by the pure water flux after cleaning and conditioning of the
membrane (PES25 from Hoechst) for 12 h. The pure water flux was 2600
I m2h~* MPa™ at 25°C, the radius of the spherical silica particles (Ludox
HS-40 from DuPont) was 6 nm, and the operating pressure was 100 kPa.



ULTRAFILTRATION OF COLLOIDS

0.4 LI L A S B B B B B S B N B B B LI L B R B B B B B
[ a ]
i 0.01 M NaCl |]
S os3f ]
§ 0 rpm ]
GEJ 0.2 | .
= : 1000 rpm \ :
) i . ]
> 01 \
6 b N ]

0 5 10 15
Distance from the membrane (um)

FIG. 12.

experimentally measured flux values given in the legend to Fig. 11.

cross-flow velocities generate high pressure drops. When
studying the influence of fluid shear on flux, rotary modules
are therefore often used (55-61), as the shear generation
and operating pressures are independent of each other in this
type of module. The flux of a silica sol at two rotary speeds
is shown in Fig. 11.

The concentration profiles at the two rotary speeds resem-
ble the profiles in Fig. 10. However, the boundary layer
thickness and the concentration in the boundary layer in-
crease as the rotary speed decreases. The calculated concen-
tration profiles a the extremes, 0.01 and 1 M NaCl, and O
and 1000 rpm, respectively, can be seen in Fig. 12 (observe
the difference in scale on the y-axis of the two curves).

Both the concentration at the membrane surface and the
boundary layer thickness increase when the rotary speed is
reduced. In the 0.01 M silica sol thereis a marked concentra-
tion increase in the whole boundary layer, whereas in the 1
M NaCl silica sol it is primarily the increased thickness of
the cake at the membrane that reduces the flux when the
rotary speed is decreased.

SUMMARY

Asarule, the treatment of solutes causes an instantaneous
reduction in flux relative to the pure water flux of the mem-
brane. Three mgjor phenomena cause this flux reduction. (i)
A concentrated layer of solute compounds retained at the
surface of the membrane isformed as soon as the transport of
solvent through the membrane commences and a hydraulic
resistance in series with the membrane is thus established.
(ii) Poresare physically blocked by solute compounds/ parti-
cles. (iii) Solute molecules are adsorbed onto the pore walls
in the interior of the membrane, leading to pore narrowing.
The first phenomenon, concentration polarization, is usually
the dominating flux inhibitor.

Concentration polarization is usually ascribed either to a
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reduction in the effective thermodynamic driving force due
to the increased osmotic pressure difference across the mem-
brane or to an increase in total hydraulic resistance due to
the formation of aless permeable phase, acake/gdl, in series
with the membrane. These two conditions are usualy de-
scribed by the osmotic pressure model and the cake filtration
model. However, these models only apply under limited op-
erating conditions. The force balance model presented in
this paper combines the basic concepts of the osmotic pres-
sure model and the cakefiltration model into one single fluid
flow model. This new model is based on basic relations
describing interactions between colloidal aggregates and the
theory of fluid flow in concentrated dispersions. The force
balance model allows the flux to be calculated under differ-
ent operating conditions, treating both macromolecules and
colloidal particles. The concentration profile at the mem-
brane surface is also easily derived.

The force balance model includes particle—particle inter-
actions, such as attractive van der Waals forces and repulsive
electrostatic forces, which allows the study of the influence
of different solutions properties, such as pH and ionic
strength, on the flux and concentration profiles. The op-
erating conditions under which the critical precipitation con-
centration (the gel, or cake, concentration) is reached can
also be calculated.

APPENDIX A

The van der Waals interaction between two spherical par-
ticles can be expressed as (62)

A 0.5 05 1
Weog-00 = ‘?f<u_ T '”(1‘a)>’

r+ L

where u = <

)2. [A1]
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Ay denotes the effective Hamaker constant, r is the radius
of the spherical particles, and 2L is the distance between
two spherical particles.

For a concentrated dispersion of spherical particles, in
which every particle is surrounded by many other particles,
the total van der Waals energy in the system may be esti-
mated as the sum of the van der Waals interactions between
neighboring particles. Equation [ A1] can be used to describe
the interaction between a particle and its neighboring parti-
cles. The error that is introduced when the interactions are
limited to only the neighboring particles, and al particlesin
the system are not included, is usually relatively small as
the van der Waals interactions decrease relatively quickly
as afunction of the distance between the particles, especialy
when the distance exceeds one particle diameter. Introducing
these approximations, the van der Waals interaction per par-
ticle can be written as

z-N
2399 Waggfagg '

[A2]

ann der Wadls =~

where z, is the number of neighboring particles around one
cell.

To be able to use Eq. [A1] to calculate Wy o, the pa-
rameter u must be specified for the system under consider-
ation. If the particles in the system are placed in a lattice
where the distance between the lattice points depends on the
concentration of the colloidal particles, but the geometry of
the lattice is not affected by the concentration, the parameter

u can be written as
U= (%>2/3
¢

The contribution to the osmatic pressure from the van der
Waals interactions is obtained by differentiating the expres-
sion for Wya, ger waas With respect to the number of solvent
molecules in the system.

[A3]

Iy der weais =

1 < anan der Waais)
N,

V, ON,,

agg

_ _ Z0Nagg [ OWagg-agg
2V, ON,, N

agg

23 Nagg [ dWhagg-agg ou
2V, du ONy

3 Z, At Nogg ( ou >
24V, (u(u — 1))2 \ 6N,
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[A4]
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When the expression for (0u/dN,,)
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< ou ) s < ) <Naggvagg + NWVW>2’3)
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an aNW Naggvagg N,

Nagg agg

2/3 1/3
_ 203Nud AS
3NEQQVBQQ
is introduced in Eq. [ A4] the following simple relation for
Iy an der waas 1S Obtained:

l_IvanderWaals
KT - Adr ( ¢° )
- — . . [A6]
Vagg 36KkT (Q”Cp - d)%a(i)z/s)z
APPENDIX B: NOTATION
A effective Hamaker constant (J)

A osmotic pressure coefficient

bM difference in mass between particle and dis-
placed solvent (kg)

C solute concentration (mol m™3)

Co solute concentration in the bulk (mol m~2)

C (R) concentration of ioni at the cell boundary (mol
m3)

Cn solute concentration at the membrane surface
(mol m™3)

Co solute concentration in the permeate (mol m™3)

D diffusion coefficient (m? s™*)

Do diffusion coefficient in a dilute dispersion (m?
s™)

e unit charge (As)

Frs drag force (N)

Fit thermodynamic force (N)

f frictional coefficient (Pa s m)

fo frictional coefficient in a dilute dispersion (Pa
sm)

f, frictional coefficient (Pa s m)

ho mass transfer coefficient (m s™)

J flux (I m2h™t)

Jo pure water flux (I m2 h™?)

k Boltzmann constant (J K1)

2L distance between two particles (m)

AL layer thickness (m)

Na Avogadro’'s number (mol ~*)

Nagg number of particles

N, number of water molecules

AP transmembrane pressure difference (Pa)

AP e pressure difference across the cake (Pa)

APy transmembrane pressure difference when the
pure water flux is measured (Pa)

PWP pure water permeability (I m2 h™* MPa ™)

R hydraulic resistance of the cake (m™)

R hydraulic resistance of the membrane (m™)
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r radius of a particle (m)

S sedimentation constant (mol s)

T absolute temperature (K)

Vagg volume of a particle (m®)

Vi volume of a solvent molecule (m® mol ~*)

v fluid velocity relative to the particles (m s™)

X distance from the membrane surface (m)

Z counterion charge number

z, number of neighboring particles at close packing

Greek

6 thickness of the boundary layer (m)

n viscosity (Pa s)

Mo viscosity of the solvent (Pa s)

U chemical potential (J mol %)

Hagg chemical potential of particles in the solution
(Jmol %)

Ly chemical potential of water (J mol %)

IT total osmotic pressure (Pa)

Iy osmotic pressure due to electrostatic contribu-
tions (Pa)

I osmotic pressure due to the entropy of mixing
(Pa)

| osmotic pressure at which particle precipitation
starts (Pa)

IMyagerwaas OSMOtiC pressure due to attractive interaction
forces between particles (Pa)

ATl transmembrane osmoatic pressure difference (Pa)

Y(R) electrostatic potential at the cell boundary (V)

@ volume fraction of particles

beae volume fraction of particles in the cake

bep volume fraction that particles occupy at close
packing

brs volume fraction of hard spheres

by volume fraction of particles in the permeate

bre critical volume fraction at which particles in-
stantly precipitate

bps critical volume fraction at which precipitation
starts
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